Abstract. We consider the possibility that two-flavor neutrino mixing can be viewed as resulting from the interaction of two non-mixed flavor neutrinos with an external vector field. Two distinct scenarios of the origin of such a vector field are presented. First we argue that the vector field might be understood as an su(2) gauge field. In the second scenario we put forward the idea that the vector field can be identified with a Nambu-Goldstone vector field which results form a spontaneous symmetry breakdown of the Lorentz symmetry. Phenomenological implications of these pictures are briefly discussed.
Introduction
Particle mixing and neutrino oscillations in particular [1] are currently rapidly developing areas in both theoretical and experimental physics. Much of what is known about neutrino oscillations comes from the many experiments [2] about solar, atmospheric or reactor neutrinos. This has, in turn, produced a vast literature trying to work out possible extensions of the original Standard Model which does not accommodate non-zero neutrino masses and mixings. In spite of this, the true origin of the mixing is still rather elusive, although it is generally believed that it is the result of physics occurring at much higher energies with respect to the electroweak scale. An interesting alternative proposal was put forward recently in Ref. [3] , considering mixing as arising from the low energy behavior of the interacting fermion fields.
Here we discuss another scenario which originates in the context of the quantum-field theoretical treatment of particle mixing presented in Refs. [4, 5] . There a nontrivial vacuum structure has been discovered in connection with mixing. In this approach, flavor states for mixed particles are consistently defined as eigenstates of the flavor charges [6, 7] . This leads to the derivation of exact oscillation formulas [8] which exhibit corrections with respect to the usual ones. One of the difficulties of this approach resides in the fact that the above flavor states are not representations of the Poincaré group [9] . This in turn leads to problems in formulating a perturbative expansion [10] .
Interestingly enough, these difficulties can be bypassed by considering mixing not as an inherent property of the fields (or their associated particles), but as the result of an interaction of non-oscillatory flavor fields with an additional background vector field [5, 11] . In this paper we put forward two possible scenarios in which such a background field can find a natural basis.
Solar neutrino experiments combined with KamLAND data allow to evaluated the mixing angle to be approximately θ = 33.9 • . From the Lagrangian (1) one can derive the canonical energymomentum tensor:
where η ρσ = diag(1, −1, −1, −1) is the usual Minkowski metric tensor. From Eq. (5) follows that the total Hamiltonian H = d 3 x T 00 is just the sum of the two free field Hamiltonians, i.e.,
The same situation holds also for the total 3-momentum operator
The conserved (Noether) charges associated with the global symmetry of the free fields ν 1 and ν 2 are:
with the total charge Q = Q 1 + Q 2 . The analysis of symmetries of the Lagrangian in the flavor basis Eq. (1) leads to the identification of the (non conserved) flavor charges [6] :
with Q e (x 0 ) + Q µ (x 0 ) = Q. Here it should be stressed that it is only the sum of the charges which is the genuine integral of the motion. The respective flavor charges in the sum are not.
Flavor mixing as a non-abelian gauge theory
In this section we show that the mixing interaction can be alternatively understood as the interaction of the flavor neutrino fields with a constant minimally coupled external vector field. The case of a dynamical vector field will be discussed in Section 6. The most direct way to seeing this goes through the Euler-Lagrange equations corresponding to the Lagrangian (1). These can be compactly written as [11] 
where ν f = (ν e , ν µ ) T is the flavor doublet and M d = diag(m e , m µ ) is a diagonal mass matrix. In Eq. (8) we have defined the (non-abelian) covariant derivative:
where m eµ = 1 2 tan 2θ δm and δm = m µ − m e is the mass differences parameter. So flavor mixing can be seen as an interaction of the flavor fields with an su(2) valued constant vector field having the following structure:
The covariant derivative is then: where g = tan 2θ acts as the coupling constant. Note that in the case of maximal mixing (θ = π/4), the coupling constant grows to infinity while δm goes to zero. We thus see some hints of an approximate non-abelian gauge symmetry hidden in neutrino mixing. For this reason we will often refer to the vector field just introduced as a gauge field. Since the vector field is a constant, with just one non-zero component in group space, its field strength vanishes identically:
with a, b, c = 1, 2, 3. The fact that, despite F µν vanishes identically, the gauge field has physical effects, suggests an analogy with the Bohm-Aharonov effect [14] . The equations of motion for the mixed fields in a covariant form are:
and the Lagrangian density (1) has the form of the one describing a doublet of Dirac fields in interaction with an external gauge field:
The energy momentum tensor associated with the flavor neutrino fields in interaction with the external gauge field is given by [11] :
By comparing with the canonical energy momentum tensor given in Eq. (5) we see that the difference between the two is just the presence of the interaction terms in the "00" component, i.e., T 00 − T 00 = m eµ (ν e ν µ +ν µ ν e ), while we have
Following the usual procedure, we now define a 4-momentum operator P µ from T µν . We obtain a conserved 3−momentum operator:
and a non conserved Hamiltonian operator:
We remark that both the Hamiltonian and the momentum operators split into two contributions, one involving only the electron neutrino field and the other one only the muon neutrino field. We have thus the Hamiltonian and the momentum operators for each flavor field. Notice that the tilde Hamiltonian is not the generator of time translations. This role competes to the complete Hamiltonian H = d 3 x T 00 , which includes the interaction term.
Flavor neutrino states and Lorentz invariance
We are now in the position to construct flavor neutrino states which are simultaneous eigenstates of the above 4−momentum operators and of the flavor charges. Of course, this is a highly nontrivial task. We will see, however, that such states can indeed be constructed, but it will involve a nontrivial redefinition of the flavor vacuum which will also erase any reference to the ν 1 and ν 2 fields. As shown in Appendix, the flavor neutrino field operators can be expanded in the same basis as the free fields with masses m 1 and m 2 . With the convention (σ, j) = ({e, 1}, {µ, 2}) we can write
where α k,σ and β −k,σ are the flavor ladder operators [4] . In the same Appendix we show that flavor neutrino states, defined as |ν r k,σ = α r † k,σ |0 e,µ , are eigenstates of the flavor charge operators Q σ , at a given time. They turn out also to be eigenstates of the momentum operators
. However, since the Hamiltonian operator H does not commute with the charges Q σ , the above flavor states do not have definite energies.
We will now show that this problem can be solved by noting that the expansion (18) actually relies on a special choice of the bases of spinors, namely those referring to the free field masses m 1 , m 2 . It is however always possible to perform a Bogoliubov transformation in order to expand the field operators in a different basis of spinors, referring to an arbitrarily chosen couple of mass parameters [12] . Let µ σ , σ = e, µ be such a couple of arbitrary parameters.
The Bogoliubov transformation to be performed is the following:
whose generator is [12] :
and (σ, j) = ({e, 1}, {µ, 2}), ξ k σ,j = (χ σ − χ j )/2 and χ σ = arctan(µ σ /|k|), χ j = arctan(m j /|k|). We have thus a whole family of flavor vacua, denoted with a tilde and parameterized by the couples (µ e , µ µ ):
The original flavor vacuum is of course the one associated with the couple (m 1 , m 2 ). Notice that the flavor charges, as well as the exact oscillation formulae are invariant under the above Bogoliubov transformations [15] , i.e., Q σ = Q σ , with:
In the context of the above reformulation of mixing as the interaction with an external field, it seems natural to expand the flavor fields in the bases corresponding to the couple of masses (m e , m µ ). We will see that with this choice the flavor states will be eigenstates of the Hamiltonian operator.
The new spinors are defined as the solutions of the equations: where ω k,σ = k 2 + m 2 σ . These are the momentum-space version of the free Dirac equation with mass m σ . The flavor field operators are then expanded as follows:
with
Here and throughout the tilde operators are those corresponding to the specific couple (m e , m µ ). With these definitions all the calculations at a fixed instant of time x 0 can be performed in exactly the same way they are done in the free field case. The explicit time dependence of the creation and destruction operators is due to the interaction with the external field and it does not create problems as the states which are acted upon by the operators are evaluated at the same time as the operators themselves and the commutators are all considered at equal times.
In terms of the tilde flavor ladder operators, the Hamiltonian and momentum operators Eqs. (16), (17) read:
The new flavor states are defined by the action of the tilde creation operator on the tilde flavor vacuum:
We easily find the result that these single particle states are eigenstates of both the Hamiltonian and the momentum operator:
making explicit the 4−vector structure. The flavor charges commute with the tilde Hamiltonian operator:
, and of the absence of an interaction term in H. This ensures the existence of a common set of eigenstates of these operators. In this set we find the flavor states (28), which are straightforwardly seen to be also eigenstates of the flavor charges:
Let us now consider the algebra of the generators descending from the energy-momentum tensor (15) . All the generators are defined in the usual way. Besides the translation generators defined by Eqs. (16) and (17), we have the Lorentz generators, defined as: 
The algebra of (equal-time) commutators of these generators will be just the direct sum of two Poincaré algebras (we omit the specification of the instant of time):
Note that the above construction and the consequent Poincaré invariance, holds at a given time x 0 . Thus, for each different time, we have a different Poincaré structure. The relation of neutrino mixing and oscillations with Lorentz as well as CP T violation has been the focus of much work in the last decade, see for example [17] . Connection of neutrino mixing with the breakdown of Lorentz symmetry will be further discussed in Section 6.
Phenomenological implications
The above results reflect into a number of phenomenological consequences which could as well serve for falsifying the proposed scenario. In Ref. [16] some of them have been discussed: in particular, it has been pointed out that very precise direct measurements of neutrino masses, as those done by looking at tritium decay, could reveal if the mass eigenstates ν i enter in fundamental interactions, or rather the flavor eigenstates are the basic objects, as here is proposed. In the latter case, the measured masses should be the average masses m e and m µ above introduced.
Another test can be done by looking at possible violations of lepton charge conservation at tree level. This effect is by definition absent when considering neutrinos as flavor charge eigenstates as we have done above. However, the usual Pontecorvo states: 
are not eigenstates of the flavor charges, as can be easily checked. Thus, if we consider the expectation values of the above defined flavor charges onto the Pontecorvo states, we see how much the lepton charge is violated (at tree level) by the usual quantum mechanical states. One finds [10] :
and
The diverging terms can be removed by normal ordering the flavor charges with respect to the mass vacuum |0 1,2 . One has then
∀θ = 0, m 1 = m 2 , k = 0, and i.e. a violation of lepton charge of the order of (1 − |U k |) sin 2 (2θ) is present in the Pontecorvo flavor neutrino states.
We also note that the corresponding quantum fluctuations are divergent:
P ν r k,e |(: Q e (x 0 ) :) 2 |ν r k,e P = cos 6 θ + sin
Flavor mixing and Spontaneous Symmetry Breakdown of the Lorentz symmetry
In this section we provide yet another interpretation of the static vector field A µ . We have seen, the structure of A µ explicitly violates the Lorentz symmetry. It is well known that in a nongravitational setting, it suffices to specify fixed background fields violating Lorentz symmetry in order to formulate the Lorentz violating (LV) matter dynamics. However, fixed background fields break general covariance. If one wishes to preserve the successes of general relativity in accounting for gravitational phenomena, breaking general covariance is not an option. The obvious alternative is to promote the LV background fields to dynamical fields, governed by a generally covariant action. By allowing the vector field to vary over space-time, the mixing and ensuing flavor oscillations will not be necessarily uniform over space-time. There are several candidates for the covariant kinetic term. At this stage we realize (taking into account Eq. (10)) that in the general frame n µ n µ = 1, n 0 > 0. So the dynamics of A µ takes place on the Lobachevsky 4D target space. This, in fact, corresponds to a quotient M = SO(3, 1)/SO(3) which effectively describes the target space of soft modes (Nambu-Goldstone modes) after the Lorentz symmetry is broken to the rotational symmetry. The latter target-space constraint might be introduced as a constraint in the path-integral measure, such that
Massless field theories where the target space is the group coset space are commonly known as non-linear σ models. Nonlinear σ models typically describe the dynamics of Nambu-Goldstone bosons. The sigma model in question is sometimes called the space-time σ-model [19] or Einstein aether σ-model [13] . It is well known, that with a suitable choice of the interaction Hamiltonian the generalized coherent state functional integrals describe low-energy effective field theoriesNambu-Goldstone fields, including their mutual interactions [5, 18] .
At this stage it should be reminded that in contrast to the spontaneous symmetry breakdown (SSB) of an internal symmetry which produces Nambu-Goldstone scalar fields, the corresponding SSB of Lorentz symmetry yields Nambu-Goldstone vector fields [20] . Thus here we do not regard the above field as a SU (2) gauge field, as done in the previous section, but simply as a massless vector field.
Let us now consider the corresponding SO(3, 1) coherent-state functional. This represents a natural playground for discussing the quantum dynamics of Nambu-Goldstones [5, 18] . This can be done in terms of the unit-vector parameters n µ . The kinetic term for the gauge field (now dynamically epitomized via n µ ) is a Wess-Zumino-Witten term in 3 + 1 dimensions. This term can be written in the form (see, e.g., Ref. [13] ) Here the gradient ∇ µ should not be mistaken with a covariant derivative. The ensuing total Lagrangian has thus the form
where L f is the field Lagrangian (14) . It can be shown [13, 21] that this version of the aether σ-theory is stable under small perturbations and the Hamiltonian is globally bounded. So finally we see that the original Lagrangian (1) for oscillating neutrinos (where mass and flavor states are simultaneously not well defined) can be equally formulated as the Lagrangian for definite mass and definite flavor neutrinos interacting with the Nambu-Goldstone vector field. The natural way ho to proceed with a quantization of this model would be to consider the corresponding SO(3, 1) coherent-state functional. Here we shall refrain from doing this. More detailed discussion of this issue will be published elsewhere.
Conclusions
In the framework of the quantum field theoretical formalism for flavor mixing, we have discussed a vector-field-like structure associated to two-flavor neutrino mixing. In this connection two natural strategies could be identified. In the first case, flavor neutrino fields are assumed to be primitive entities describing on-shell particles with definite masses m e and m µ , which are different from those of the mass eigenstates m 1 and m 2 of the standard approach. Flavor oscillations then arise as a consequence of the interaction with the external su(2) gauge field, which acts as a sort of refractive medium. An interesting consequence of such an analysis is that we recover, locally in time, a Poincaré structure for the flavor neutrino states. Several phenomenological implications can be worked out from such a picture [16] .
In the second case, we put forward a proposal in which the vector field is a Nambu-Goldstone vector field which naturally emerges when the Lorentz symmetry SO(3, 1) is broken down to the rotation subgroup SO(3). To furnish a dynamics to such a vector field one can take advantage of the fact that Nambu-Goldstone fields are described via non-linear σ-models. The non-linear σ-models have a naturally induced kinetic term -a Wess-Zumino-Witten term. In the present case the σ-model is also known as aether σ-model and the Hamiltonian is globally bounded when only two-derivative terms are included in the action. We have also presented the ensuing Lagrangian which can serve as a starting point for a path-integral quantization. Further work in this direction is in progress.
It would be definitely important to generalize our two approaches also to bosonic systems, such as K 0 − K 0 , D 0 − D 0 or B 0 − B 0 flavor oscillations. The extension to 3-flavor mixing is still an open issue, though preliminary results are already available [22] .
Finally, we comment on the recent data from the OPERA collaboration [23] , exhibiting an apparent superluminal behaviour of neutrinos. In Ref. [24] it has been shown that such a feature can be accomodated in the framework of flavor neutrino states satisfying modified dispersion relations as discussed in Refs. [9] , provided at least one of the mass eigenstates being tachyonic. A nice feature of this approach is that one does not encounter the usual runaway pathologies of tachyons. In the present approach, it is not clear yet if superluminal neutrino propagation can arise. Further study in this direction is in progress.
The Hermitian conjugation of the former yields the corresponding relation for antiparticles. Even so, the representation (A.7) (or A.9) of the canonical transformation loses its meaning for an (infinite) field systems, in as much as the exponential operator occurring in it has no domain on the representation space involved. This fact, however, has no direct bearing on our approach which uses the well-defined form (2) . It just states that the operator-algebra representation which is used in the particle mixing is unitarily inequivalent to the Fock-space representation. In other words, the flavor vacuum |0(x 0 ) e,µ and the ordinary vacuum |0 1,2 do not belong to the same Hilbert space.
The flavor fields can be expanded in the same bases as the fields ν i : with the consequence that they are not conserved by time evolution. This is of course the hallmark of the flavor oscillation phenomenon. The corresponding flavor oscillation formulas are derived by computing the expectation value of the flavor charge operators in the flavor state [8] .
